A classical theorem of F. and M β Riesz establishes a oneto-one correspondence between analytic differentials of class Hi on the interior of the unit disc and finite complex-valued Borel measures on the boundary of the disc which are orthogonal to polynomials. The main result of this paper gives a similar correspondence when the unit disc is replaced by a compact subset, satisfying a finite connectivity condition, of any noncompact Riemann surface. The analytic differentials on the interior of the set satisfy a boundedness condition analogous to the classical H λ differentials and the measures on the boundary of the set are those orthogonal to all meromorphic functions with a finite number of poles in the complement of the set. This result is then used to obtain theorems on uniform approximation on the set by such meromorphic functions.
This paper extends results of Bishop in [2] and [5] where he considers compact subsets of the plane staisf ying a simple connectivity condition.
1 He obtained such a one-to-one correspondence between boundary measures and analytic differentials and used his result together with an approximation theorem for nowhere dense sets to give a proof of Mergelyan's approximation theorem [6] . We are able to extend Mergelyan's theorem to our more general sets and also show that "local" approximation implies approximation on the whole set.
I* Boundary measures of analytic differentials* A. DEFINITIONS AND PRELIMINARIES.
In this section S will denote an open Riemann surface. If K is a compact subset of S, we denote by C(K) the algebra of all continuous complex-valued functions on K with norm ||/|| = sup \f(x) |, and by xEK A(K) the closed subalgebra of C(K) consisting of those functions which are limits of meromorphic functions on S with finitely many poles in S ~ K. By Runge's Theorem when S is the plane, or by the extension of Runge's Theorem due to Behnke and Stein [1, p. 445 and p. 456] in the general case, A(K) can also be characterized as all functions of C(K) which are uniform limits on K of functions analytic in a neighborhood of K.
The sets for which our results are obtained are defined as follows. DEFINITION 1. A compact subset K of S will be called n-balanced if there exists a finite family {Z7jLi of components of S ~ K such that any point of the boundary of K lies on the boundary of one of the Ui. An open subset of S will be called n-balanced if it is the interior of its closure and its closure is a compact ^-balanced set.
The following properties are clear. The measures on the boundary of K to be considered are now defined. Several preliminary definitions will be necessary to describe the boundedness condition on the analytic differentials to be studied.
By an arc we will mean a continuous map /:
The image of [α, b] under / will be denoted by | /1. By a subarc of / we mean the restriction of / to a subinterval
-g{a^} then by the product of / and g, written fg, we mean the arc h :
An arc /: [α, 6] -* S is an analytic arc if / can be extended to be analytic with nonzero derivative in a neighborhood of [α, 6] , A piecewise analytic arc is a product of a finite number of analytic arcs. A simple closed curve is an arc /: (ii) if T is any compact subset of U, then for all sufficiently large ΐ, T c F,. DEFINITION Our aim is to establish, in case K is an ^-balanced set, a one-toone correspondence between M(K) and H(U), where ?7is the interior of K. The correspondence will be between a differential and its boundary measure, in the following sense. DEFINITION In this section we consider the special case where S is the plane. The proofs of the following lemma and theorem are the same as Lemma 4 and Theorem 1 in [5] .
LEMMA 3. If K is a compact n-balanced subset of the plane and if μ and v are both in M(K) and \(t -z)~1dμ(t) = \(t -z^dvfy) for all z in the interior of K, then μ -v.

THEOREM 2. Let U be an n-balanced open subset of the plane and K be its closure. Then given a)eH(U), its boundary measure, which exists by Theorem 1, is unique and if ω = f(z)dz then f(z) = for all ze U.
The next lemma is a modification of Lemma 6 in [3] . The assumption that v is orthogonal to all functions analytic in a neighborhood of K rather than just all polynomials enables us to obtain the measure β XQ with support in K. The proof is not given, as the same proof applies with only obvious minor modifications and we prove a general version for any open Riemann surface as Lemma 5 below. LEMMA 
Let K be a compact subset of the complex plane. Let v be a measure on K orthogonal to A(K). Then for almost all real numbers x 0 , there exists a measure β XQ on the set K
Π {z : Re z -x 0 } such that [ hdv = -[ hdv = [hdβ x K o h XQ J °f or all heA(K), where R XQ = K Π {z : Re z ^ x 0 } and L XQ = K |Ί {z : Re z ^ x 0 } . THEOREM 3. Let K
be a compact n-balanced subset of the complex plane τυith interior U. Then if μeM(K), there exists an analytic differential coeH(U) such that μ is the boundary measure of ω.
Proof. The proof is by induction on n. If n -1 9 K is balanced in the sense of [5] and Theorem 3 of [5] is the required result.
Suppose for n > 1 the theorem is true for m-balanced sets for all m < n. For ze U, define
Now suppose x Q is as in Lemma 4 and furthermore that {z : Re z -x Q } intersects the interior of at least one of the bounded components Ui of Definition 1. Then L XQ and R XQ are both m-balanced for some m < n. Thus since μ\L Xo + β XQ e M{L X ) and μ\R XQ -β XQ e M{R X ) by Lemma 4 and Runge's theorem, the induction hypothesis applies and they are boundary measures of analytic differentials f x (z)dz and f z (z)dz respectively.
For z in the interior of L XQ ,
and for z in the interior of R XQ we have similary
Now let x 0 < a?! both restricted as above. Then μ \ R XQ -β XQ is a boundary measure for f(z)dz on the set R XQ . Denote the delimiting sequence by {γ;}. Also μ\L Xχ + β Xl is a boundary measure for f(z)dz on the set L H . Denote the delimiting sequence by {δj}. Suppose Γ 3 is the open set bounded by y, and Δ 3 the open set bounded by δ 3 , as required in Definition 3. We apply Lemma 2 to y j9 δ jf Γ 39 Δ 3 where Ui are chosen so that hι\ U { ) c U and ε^ chosen so that the length of the arc in Ui which is not from δ 3 -or 7^ is less than 7j t and 2^* sup \f(z) | < 1.
zeui
The lemma yields φ 3 a finite union of disjoint piecewise analytic simple closed curves in U which form the boundary of the open set Φ 3 ; and Γ 3 U Δ 3 a Φ 3 a U.
If S is a compact subset of U, let Xo < x 2 < %i Then 
Thus ωeH(U).
By Theorems 1 and 2 there exists a boundary measure v on the closure of U such that for z e U,
and v e Λf(clsr t/) c Applying Lemma 3 to μ and r^ we see that μ -v and thus μ is the boundary measure of a). 
(p) -A(z, p)dz on h(V), then A(z, p) is meromorphic in p on S with exactly one pole, a simple pole at h~\z). Thus if h~1(z Q ) $ K, A(z 09 p) e A(K).
We prove the following generalization of Lemma 4. Proof. Fix a metric on S. By the Lebesgue covering lemma, there exists p > 0 such that any set of diameter less than or equal to p, containing a point of K, lies in a single member of the covering {Ui}. Cover K by a finite number of sets of diameter less than pβ which are homeomorphic to a closed disc. Call these sets {AlΓU For ί, j such that A Π A is empty, let f iS be a function analytic on S such that Re fa < 1/4 on A and Re fa > 3/4 on Dj. This is possible since by the Behnke-Stein extension of Runge's theorem fl, p. 445 and p. 456] we can approximate a function which is identically zero on a neighborhood of A and identically one on a neighborhood of A by functions analytic on S.
LEMMA 5. Let K be a compact subset of S. Let v be a measure on K orthogonal to A(K). Then if f is a nonconstant function analytic on S, for almost all real numbers x
Now if A is an equivalence class of the equivalence relation defined by these functions, we will show diam A ^ p.
Let p Q dA. 
Thus a local condition on a compact set in the plane which implies that any continuous function can be uniformly approximated by rational functions, such as Theorems 2. 4 and 3.4 in [6] , can be applied in coordinate neighborhoods of every point of K to show A(K) = C(K). As a special case, using Theorem 2,4 of [6] we have the next corollary which we will need to prove uniqueness of boundary measures.
COROLLARY 2. If K is a nowhere dense compact n-balanced subset of S, then A(K) = C(K).
We also obtain a generalization from the plane to Riemann surface of the approximation theorem of Bishop [4] . If n is large enough so both δ n and y n surround all the poles of g which lie in the interior of K, then
Therefore \gd(μ -v) = 0 and by Lemma 9, μ -v.
A(z, q) is meromorphic in q with a simple pole of residue -1 at h~\z). Thus
THEOREM 7. Let K be a compact n-balanced subset of S with interior U and let μ e M(K). Then there exists a differential ωeH(U) such that μ is the boundary measure of ω.
Proof. Let f lf
, f % be the finite set of functions analytic on S and satisfying the conditions of Lemma 8 using coordinate neighborhoods for the covering. The proof will be by induction on I. If I -0, K lies in a single coordinate neighborhood and we may consider K as a subset of the plane. In this case we have the result in Theorem 3. ). Using these U 3 and e 3 we apply Lemma 2 to get ψι a finite union of disjoint piecewise analytic simple closed curves forming the boundary of Φ { and \ψι\ U Φi c C7. Furthermore, since {δj and (TJ delimit the interiors of L X2 and R Xi , respectively, and Γ i U Δ i c (P^ {^^j delimits Z7.
Finally we see that II ω \\ φt ^ || ω || n + || α> || δ . + Σ 3 k 3 ε 3 ^ || ω || γ . + || ω || δ . + 1 .
Therefore ωeH(U) and by Theorem 1, ω has a boundary measure v on the boundary of clsr U. Now let g be a rational function on S with poles in U or S ~ i£. Choose #, 1/4 < x 0 < 3/4, as in Lemma 5 and so that no pole of g lies on {p: Re fι(p) = £ 0 }. Let {σj and {r<} be the delimiting sequence of Definition 6 for the boundary measures μ\L XQ + β XQ and μ \ R XQ -β XQ respectively. Then Letting i be large enough so that all the poles of g in U are surrounded by φ H and by either τ* or σ i and using the residue theorem we have
